The following lemma turns out to be useful in many places in Riemann surface theory. It is generally sufficient to have piecewise analyticity, rather than analyticity, but the availability of analytic curves will invariably make proofs simpler. This is especially true of the second half of the lemma, since an analytic Jordan curve on a Riemann surface is defined by a mapping of the unit circle into the surface and this mapping can be extended to a one-to-one map of an annulus into the surface. The extended mapping can be used, for example, to define explicitly differentials on the surface having prescribed properties.
The proof which we give is perhaps not the most straightforward one but has certain advantages over the usual type of reasoning involving subdivision of the parameter interval.
LEMMA. Every closed curve on a Riemann surface is homotopic to an analytic closed curve, and homologous to a finite sum of analytic Jordan curves.
REMARK. By homology we mean singular homology. We are not concerned here with the choice of definition since we only use the following two properties of singular homology.
(1) Homotopic curves are homologous.
(2) If a closed curve C is defined by a mapping f(t) on the interval I and if there is a subdivision of / into intervals I k , k = 1, , n, and if the restriction of f(t) to I k defines a closed curve C k , then C is homologous to ΣLiC fc .
We may also word the lemma as follows: Proof. Let R be the Riemann surface and C an arbitrary closed curve. Let R* be the universal covering surface of R and let p* be a point on i2* which projects onto a point p of the curve C. If we continue along the curve C starting at p* we arrive at a point g* which also projects onto p. Any arc joining p* to g* will, by definition of the universal covering surface, project onto a curve homotopic to C. In particular, an analytic arc will project onto a curve which is analytic except possibly at p. To prove part (a) of the lemma we make a simple choice of arc which will give a curve analytic also at p.
We note first that if p* and g* coincide, then C is homotopic to zero, and any small circle through p will be homotopic (and homo logous) to zero, hence to C. In particular if R* is the sphere, then R is itself the sphere and C must have been homotopic to zero.
The other two possibilities are that ϋί* is the plane or the interior of the unit circle. In the first case the cover transformation taking p* into g* is a linear transformation which takes the line through p* and g* into itself. The projection of the straight line segment joining p* to g* will therefore be analytic even at p.
If R* is the interior of the unit circle, then the cover transformation taking p* into g* will be a linear fractional transformation with either one or two fixed points on the unit circle. The circle through p* and g* and the fixed point (or points) will be mapped onto itself, so that again the arc of this circle joining p* to g* will project onto an analytic curve homotopic to C.
This proves part (a) of the lemma. We have obtained in particular a simple proof that every closed curve is homologous to an analytic closed curve, which is in itself a useful fact.
The proof of part (b) requires a bit more effort. The case where i2* is the plane is almost trivial since (except where R is itself the plane, hence simply connected) the group of cover transformations is either of the form z + nb where b is a fixed complex number and n runs through the integers, or else of the form z + ma + rib where a and 6 are fixed and m and n run through the integers. In the first case p* and g* will correspond to a pair of points of the form z Q and z Q + rib, so that the projection of the segment from z Q to z 0 + rib will consist of the projection C of the segment from z 0 to z Q + b covered n times. Hence C is homologous to nC'. But C is a Jordan curve since no two points on the segment between z 0 and z 0 + b are equivalent.
Similarly, in the second case if p* and g* correspond to z 0 and z 0 + ma + rib, we simply take the straight line segment from z 0 to z 0 + ma followed by the segment from z 0 + ma to z Q + ma + rib.
Finally, in the case where i2* is the interior of the unit circle, we consider the metric fundamental polygon P consisting of all points in the unit circle which are nearer (in the non-euclidean metric) to the point p* than to any point equivalent to p* under a cover transformation 1 . If T is the cover transformation which takes p* into g* we may represent it as T = Πϊ-iTfc* where each T k is a cover transformation taking one side a k of P onto another side b k . The sides a k and b k are circular arcs, and we can form the Riemann surface R k which consists of the interior points of P together with inner points of the arcs a k and b k with equivalent points under T k identified. Then R k is doubly-connected and may be mapped conformally onto an annulus r λ < \w\ < r 2 , where r x -0 if a k and b k have a vertex in common. This annulus is one-to-one conformally equivalent to R k and hence to the surface R cut along certain analytic arcs. Let C k be the curve in R corresponding to that circle \w\ = r' which passes through the image of the point p. Then C k is a Jordan curve passing through p, and if we continue R* along C k starting at a point p fc * of a k , we arrive at the point g fc * of b k which is the image of p k * under T k . Hence the curve C k generates the transformation T k9 and the curve C = ΠS-iC* i s a closed curve at p which generates the transformation T. Thus C is homotopic to C, and using the properties of singular homology remarked above we have that C is homologous to C" which is homologous to Σ*-iC*> proving the lemma, STANFORD UNIVERSITY.
